Abstract: This paper reviews recent work on the design, experimental implementation, and application of two fundamental all-optical analog signal processing functionalities, namely, photonic temporal differentiation and photonic temporal integration, using customized grating devices directly written in optical fibers.
Introduction
The implementation of all-optical circuits for computing, information processing, and networking could overcome the severe speed limitations currently imposed by electronic-based systems [1] - [3] . A promising approach toward the implementation of ultrafast all-optical circuits is to emulate the developments in the electronic domain, i.e., to follow similar component and design strategies, using photonic technologies. For this purpose, the photonics counterparts of the fundamental devices that form Bbasic building blocks[ in electronic circuits [4] - [6] need to be designed and realized. In electronics, most of basic functionalities like logic operations, differentiation, and integration can be realized using a combination of operational amplifiers, resistors, and capacitors; however, there are still no photonic equivalents to these electronic components. Hence, the design and implementation of these photonic building blocks is a primary step toward the practical realization of all-optical information processing and computing circuits. Two very relevant examples of these fundamental devices are a photonic temporal differentiator [7] - [28] and a photonic temporal integrator [29] - [43] .
An Nth-order ðN ¼ 1; 2; 3; . . .Þ photonic temporal differentiator is a device that provides, at its output, the Nth time derivative of the complex envelope of an input arbitrary optical waveform [7] . The complementary operation is provided by an Nth-order photonic temporal integrator [37] , which Bcalculates[ the Nth time cumulative integral of the input temporal complex envelope. It is important to mention that this paper focuses on so-called coherent optical signal processors [7] - [43] , in which the relevant processing task is implemented on the complex temporal envelope of the incoming optical signal, including amplitude and phase information. Temporal differentiators [44] - [51] and integrators [52] , [53] of time-intensity waveforms (e.g., microwave waveforms transferred into the optical domain) have been also investigated using incoherent photonic signal processing schemes. These have proved particularly useful for the generation and processing of ultrawideband (UWB) microwave temporal impulse waveforms. Incoherent temporal differentiators and integrators [44] - [53] are, however, outside the scope of the present paper.
Photonic time differentiators were first proposed and theoretically investigated by Ngo et al. [7] . They designed arbitrary-order photonic differentiators using integrated-optic transversal filter topologies. To be more concrete, the designs first reported in [7] were based upon finite-impulseresponse (FIR) optical digital filters [54] . For instance, it was shown that a first-order photonic differentiator could be implemented using an asymmetric two-arm interferometer (two-tap FIR filter); this device provides the spectral response that is required for optical differentiation over a limited bandwidth centered at any of the destructive resonance frequencies of the interferometer and extending over a fraction of the device free spectral range (FSR) (inversely proportional to the relative delay between the interferometer arms). As an extension of this basic idea, higher order differentiators can be implemented by simply concatenating in series the corresponding number of identical two-arm interferometers. A large number of subsequently developed photonic differentiators both for complex-field optical waveforms [11] , [13] , [24] and for intensity signals [44] - [51] are based on this general concept.
Following this pioneer work, Kulishov and Azañ a [8] found out that first-order time differentiation could be inherently provided by a simple uniform long-period fiber grating (LPG) operating in fullcoupling condition. By Buniform[ we refer to the simplest possible grating profile, having an amplitude and period that are both constant along the whole grating length. An LPG [55] allows light coupling between the guided mode and cladding modes in a single-mode fiber, thus resulting in a series of spectrally broad attenuation (resonance) bands centered at discrete wavelengths (frequencies) in the fiber transmission spectrum. The term Blong[ refers to its period, which typically varies from tens to hundreds of micrometers, as opposed to short-period fiber gratings (fiber Bragg gratings (FBGs) [56] ), where the light is backscattered, resulting in coupling between modes traveling in opposite directions (in a Bragg geometry, the corrugation period is approximately half the optical wavelength, in micrometers or less).
The original proposal of a simple uniform LPG for optical differentiation [8] has inspired a significant amount of subsequent work on the design and realization of ultrafast photonic temporal differentiators and integrators based on fiber-grating devices (both LPGs and FBGs). The advantages of fiber gratings are intrinsic to their all-fiber geometry, namely simplicity, relatively low cost, low losses, and full compatibility with fiber optic devices and systems. Additionally, fibergrating concepts could be transferred to integrated-optic platforms [57] , as desired for the future development of monolithic ultrafast all-optical processing circuits. Moreover, LPG and FBG technologies have attracted considerable interest over the last years due to their very wide range of applications in fiber-optic telecommunication systems, ultrafast optical pulse processing and shaping, and optical sensing [56] ; as a result, fiber-grating technologies have reached a high level of maturity, and efficient and advanced design and fabrication methods are now readily available. It should be mentioned that volume Bragg gratings have also been recently explored for optical differentiation as an interesting alternative to all-fiber gratings for high-power applications [28] .
Besides its simplicity, a very attractive feature of an LPG-based differentiator is the large processing bandwidth practically attainable with this solution, namely, in the terahertz range [8] , [17] . LPG differentiators can thus easily process optical signal with time features down to the subpicosecond range. The first experimental demonstration of an ultrafast all-optical differentiator was based on this solution [9] , which is reviewed in Section 2.1 below. Reflection FBGs, e.g., phaseshifted FBGs [12] , [14] , sampled FBGs designed according to a reconstruction-equivalent-chirp method [19] , and apodized FBGs [26] designed by general layer-peeling synthesis algorithms [58] , can be tailored to achieve the spectral responses that are necessary for first-order and higher order optical differentiators; however, besides requiring the use of nonuniform grating profiles, the resulting FBG designs are practically limited to processing bandwidths that are typically G 50 GHz. Solutions based on especially apodized linearly chirped FBGs (LC-FBGs) have been explored to overcome the severe bandwidth limitations of conventional FBG designs [16] , [18] . A particularly interesting approach is based on especially apodized LC-FBGs operated in transmission [16] ; this approach, which is reviewed in Section 2.2, has been experimentally demonstrated to constitute a practical and efficient solution for implementing all-fiber high-order temporal differentiators with operational bandwidths approaching the terahertz regime [25] .
Concerning photonic temporal integrators, solutions have been proposed using active or passive resonant cavities [29] - [35] , i.e., feedback-based optical filters, including designs based on passive phase-shifted FBGs operated in transmission [32] , [33] and an active resonant cavity based on superimposed LC-FBGs photo-inscribed in an Er-Yb-codoped optical fiber [34] . This latter design has been experimentally demonstrated. Resonant-cavity-based photonic integrators can be designed using a general infinite-impulse-response (IIR) (for active devices) or FIR (for passive devices) optical digital filter approach [54] . The main drawback of resonant-cavity-based photonic integrators [29] - [35] is that they exhibit a fundamental limitation on the operation frequency bandwidth, which is inherently limited by the characteristic FSR of the used cavity (typically smaller than a few tens of gigahertz). Single passive-reflection FBG filters have been designed to implement first-and high-order photonic temporal integrators capable of providing processing bandwidths up to the terahertz range [36] - [40] . The main drawback of any passive temporal integrator is that it necessarily operates over a limited time window. A particularly simple and efficient time-limited integrator design is based on the use of a reflection FBG emulating the time impulse response of an ideal integrator over a finite time window (operational time window of the device) [36] , [37] . Based on this approach, a first-order temporal integrator can be implemented using the simplest possible FBG, i.e., a weak-coupling uniform FBG [36] . This solution is discussed in detail in Section 3.1. As a generalization of this basic idea, first-and high-order integrators with optimized energetic efficiencies and offering operational time windows in the nanosecond range can be implemented using uniform-period FBGs with properly tailored grating apodization profiles [40] . This generalized solution for arbitrary-order temporal integration is discussed in Section 3.2.
In analogy with their electronic counterparts, photonic temporal differentiators and integrators are key elements to create a large variety of information processing and computing platforms [4] - [6] . A very relevant example of application of these fundamental devices is that of analog computing systems devoted to solving ordinary differential equations (ODEs) [4] . These equations play a central role in virtually any field of science or engineering [59] , e.g., physics, chemistry, biology, economics, medical sciences, and the different branches of engineering. It is well known that linear ODEs can be solved in real time using a suitable combination of temporal differentiators and/or temporal integrators, adders, and multipliers (amplifiers/attenuators) [4] . The possibility of realizing these computations all-optically translates into potential processing speeds well beyond the reach of present electronic digital or analog computers. Fig. 1 illustrates an example of all-optical computation of a constant-coefficient linear first-order ODE using either a first-order ultrafast optical differentiator (UOD in the figure) or a first-order ultrafast optical integrator (UOI in the figure). Notice that this simple differential equation actually models a number of important engineering systems and physical phenomena [59] , including problems of motion subject to acceleration inputs and Fig. 1 . Analog all-optical computing schemes for real-time solving of a first-order linear ODE using an ultrafast optical differentiator or an ultrafast optical integrator.
frictional forces, temperature diffusion processes, response of different RC circuits, population dynamics in biology and economy, etc.
Beyond their intrinsic importance for general optical computing and information processing tasks, photonic differentiators and integrators implement fundamental mathematical operations on ultrafast optical temporal waveforms, thus being of interest for a wide range of applications, including optical/microwave pulse shaping [7] , [9] , [10] , [39] , [60] - [62] , ultrafast optical control and sensing [7] , ultrahigh-speed photonic coding and decoding [13] , [39] , ultrafast optical signal measurements [63] , [64] , photonic device characterization [65] , implementation of optical memory units [35] , [45] , [66] , etc. Some of these applications are briefly discussed in Sections 2.3 and 3.3. Let us assume an arbitrary optical signal spectrally centered at the optical frequency ! 0 (carrier frequency). The signal's time-domain representation can be mathematically described as follows: x ðt Þ ¼ Refx ðt Þg ¼ Refx e ðt Þe j! 0 t g, wherex ðt Þ is the analytic representation, and x e ðt Þ is the complex temporal envelope of the optical signal. Notice that it is assumed that the slow-varying envelope approximation always holds for the involved optical signals (i.e., the spectral bandwidth of the signal under analysis is much smaller than the carrier frequency). The output from an ideal photonic differentiator when x ðt Þ is launched at its input should be an optical signal y ðt Þ spectrally centered at the same carrier frequency ! 0 and with a complex temporal envelope proportional to the first-time derivative of the input complex envelope, i.e., y ðt Þ ¼ Refŷ ðt Þg ¼ Refy e ðt Þe j! 0 t g, where y e ðt Þ / @x e ðtÞ=@t (the symbol / holds for proportionality).
Ultrafast Photonic Temporal Differentiators
The above relationship between the input and output temporal envelopes can be expressed in the frequency domain using the well-known Fourier transform of the derivative operator [4] , Y e ð!Þ / j!X e ð!Þ, where X e ð!Þ and Y e ð!Þ are the Fourier transforms (complex spectra) of the input and output temporal envelopes, x e ðt Þ and y e ðt Þ, respectively. In this notation, ! ¼ ! opt À ! 0 is the baseband angular frequency variable, with ! opt being the optical angular frequency variable. Thus, in terms of the signals' analytic representations,Ŷ ð! opt Þ / jð! opt À ! 0 ÞX ð! opt Þ. The latter relationship indicates that the ratioŶ ð! opt Þ=X ð! opt Þ / jð! opt À ! 0 Þ is independent on the input optical signal (i.e., it is fixed for any given arbitrary input optical waveform). This in turn implies that the desired differentiation operation can be practically implemented using a linear optical filter providing a spectral transfer functionĤ 1 ð! opt Þ / jð! opt À ! 0 Þ. In practice, this transfer function will extend over a limited spectral bandwidth (centered at ! 0 ), which ultimately determines the processing speed of the photonic differentiator. The two key features of the required filter's transfer function are that i) it depends linearly on the baseband frequency and that ii) it is zero at the signal central frequency ! 0 . It is worth noting that these two key features imply an exact phase shift across the central frequency ! 0 . The ideal complex transfer function of an optical differentiator is shown in Fig. 3 (dash-dotted green line).
An ideal photonic differentiator requires complete energy depletion at the signal central frequency. This can be produced by a resonance-induced full energy transfer elsewhere. Specifically, in waveguide optics, this can be achieved by resonant transfer of light between two spatially close waveguides, or between two modes of the same waveguide (e.g., cladding and core modes or counter-propagating core modes of an optical fiber). Resonant light coupling is induced when the light propagates through both waveguides (modes) with identical speeds, which is practically attainable e.g., by an increase or decrease of the light speed in one of the waveguides (modes) using a suitable diffraction grating [55] , [56] . In particular, we anticipated that the desired spectral characteristics for temporal differentiation are provided Binherently[ by the core's transfer function of a single uniform LPG (around its resonance frequency, ! R ) when the grating is designed to operate at full-coupling conditions [8] .
An LPG, which is practically realized as a periodic change of the refractive index along the direction of light propagation within an optical fiber, induces gradual resonant coupling at a rate of per unit length between the core guided mode and cladding mode(s) [55] . To obtain efficient coupling between these modes, the period of the LPG must be properly adjusted to cause light diffraction from the core mode into the chosen cladding mode. In particular, resonant coupling occurs when the following condition is satisfied:
where ð! opt Þ is referred to as the detuning factor, co ð! opt Þ and cl ð! opt Þ are the propagation constants for the interacting core and cladding modes, respectively, c is the speed of light in a vacuum, and Ã is the physical grating period. Due to the different dispersion slopes of the two interacting modes, the given resonant coupling condition ð ¼ 0Þ is strictly satisfied at a specific frequency, ! opt ¼ ! R , referred to as the LPG resonance frequency. From coupled-mode theory [55] , the core spectral transmission response of a uniform LPG (assuming that the input pulse propagates along the fiber core mode) can be expressed as follows: Fig. 3 . Amplitude and phase characteristics of the fiber LPG filters. Measured field amplitude and phase characteristics of the realized long S3 (red) and short S1 (blue) LPGs, together with the theoretical characteristics of an ideal differentiator similar to S3 (green, dash-dotted lines). The S3 and S1 LPG operational bandwidths (highlighted in the figure) are 5.5 nm and 19 nm, respectively. The inset shows a fiber uniform LPG, where the level of green corresponds to the refractive index (from [9] ).
where
and L is the total grating length. The transmission function in Eq. (1) can be approximated in the vicinity of the resonance frequency ! R (where ! 0) by the two first nonzero terms of the corresponding Taylor series expansion
where co;0 ¼ co ð! R Þ, and
It is known that if the device is designed to exactly satisfy the so-called full-coupling condition, L ¼ mð=2Þ, with m ¼ 1; 3; 5; . . ., then the grating induces a total (100%) energy coupling from the input-guided core mode into the cladding mode (at ! R ) [67] . Under this condition, Eq. (2) can be approximated byĤ co ð! opt Þ / j / jð! opt À ! R Þ. Thus, as anticipated, an uniform LPG operating in full-coupling condition provides, around its resonance frequency, the spectral transmission linear dependence that is necessary for first-order time differentiation, including the required zero transmission and the associated phase shift at the resonance frequency ! R . This device will thus operate as a first-order time differentiator over any arbitrary input optical signal centered at the LPG resonance frequency, i.e., ! 0 ¼ ! R , as long as the signal's frequency content extent over a bandwidth narrower than that over which the LPG transmission exhibit a linear response (i.e., spectral bandwidth over which the above Taylor series approximation is valid). Two important parameters to evaluate the performance of a general optical processor, including photonic differentiators [7] , are the processing error, which is defined as the deviation between the actually obtained and the ideal temporal signal profile at the processor output, and the energetic efficiency, which is defined as the ratio between the output signal energy and the input signal energy. For a given LPG differentiator, these two performance parameters strongly depend on the spectral bandwidth of the input signal to be processed [8] . In particular, differentiation of faster temporal features (i.e., signals with larger bandwidths) is usually achieved with a higher energetic efficiency but at the expense of a higher processing error. This is expected considering that the spectral transmission response of the LPG resonance deviates further from the ideal linearamplitude variation as the frequency relative to the resonance center is increased. In contrast, narrower bandwidth signals are differentiated with a higher accuracy but at the expense of a poorer energetic efficiency. The latter can be attributed to the fact that the spectral components closer to the resonance frequency are more strongly attenuated after propagation through the LPG filter, i.e., a larger portion of the input pulse spectrum will be filtered out when processing a pulse with a narrower frequency bandwidth. Generally speaking, optical differentiators are intrinsically inefficient devices from an energetic viewpoint; this is again associated with the fact that the input signal spectral content is strongly attenuated by the LPG filter particularly around the signal's carrier frequency, where most of the signal energy is typically concentrated for practical optical waveforms (e.g., Gaussian-like optical pulses). The device energetic efficiency can be increased by photoinscribing the LPGs in active optical fibers [22] , e.g., in Er-doped optical fibers, in which simultaneous amplification of the propagating signal can be obtained by pumping the fiber medium with suitable CW light. The advantages of such an implementation over the setup using concatenation of a passive LPFG with an amplifier lies in reducing the unwanted nonlinearities and reducing the amplified spontaneous emission (ASE). Active-fiber-based LPG first-order photonic temporal differentiators with power efficiencies surpassing 100% have been experimentally demonstrated [22] .
In Fig. 4 , we numerically evaluated the maximum signal spectral bandwidth that can be differentiated using uniform LPGs of different lengths in order to ensure that the relative processing error is kept lower than 1% (see details of this numerical evaluation in [8] ). The analysis was made considering feasible grating lengths ranging from 2 cm to 10 cm. As expected, the shorter the LPG, the larger the processing bandwidth it provides. It is important to note that ultrafast signals with temporal features in the subpicosecond regime (corresponding bandwidths 9 1 THz) could be processed using uniform LPGs of a few centimeters long.
The fact that a single uniform LPG provides just the spectral features required for optical differentiation around its resonance frequency over such large spectral bandwidths (terahertz range) is an extraordinary and fortunate occurrence which cannot be generalized to other types of basic resonant structures. For instance, the spectral shape of the resonance induced in the transmission response of a uniform FBGVinduced by energy coupling from the signal-carrying fiber mode into the counter-propagating modeVstrongly deviates from the linear-amplitude shape that is required for first-order time differentiation. It has been suggested that a suitable apodization of the grating refractive index profile, resulting in a strongly nonuniform FBG profile, could be introduced to obtain the desired linear-amplitude variation in the grating's spectral transmission response [16] , [21] . The use of an additional grating chirp would also help to increase the resonance (i.e., differentiation) bandwidth [16] . Considering that time differentiators are intrinsically minimum phase filters [21] , it has been argued that the required phase shift at the resonance frequency would be inherently obtained in the FBG transmission response for a sufficiently strong resonance dip (i.e., if the filter transmission at the resonance frequency approaches very nearly the required zero value). In particular, it has been estimated that a resonance dip stronger than $50 dB would be required to achieve a first-order time differentiator with a reasonable performance. This is an immensely challenging practical requirement, resulting in unpractical grating amplitude profiles. The use of a concatenated reflection phase-shifted FBG has been proposed as a potential solution to achieve the required specifications (i.e., phase shift) at the resonance frequency [16] ; however, this solution would drastically limit the operational bandwidth of the differentiator device as practical phase-shifted FBGs are typically limited to full-reflection bandwidths G 100 GHz.
Experimental results
To fabricate an LPG-based optical differentiator, stringent control of the fiber LPG coupling strength (which must be fixed exactly at L ¼ =2) is required. The two LPG samples discussed here [68] were fabricated by Slavík at the Academy of Sciences of the Czech Republic. They were made in a standard fiber sample (SMF-28, Corning Inc.), using the established point-by-point technique with a CO 2 laser [69] . These two LPG examples have physical lengths of 2.6 cm (sample S1) and 8.9 cm (sample S3), and a grating period of 415 m. Based on numerical analysis [55] , this grating period corresponds to coupling into the fifth odd cladding mode at a resonance wavelength of 1540 nm. The amplitude and phase characteristics of these fiber LPG filters were measured by an Optical Vector Analyzer (Luna Technologies) and are shown in Fig. 3 . The linear and quadratic Fig. 4 . Maximum signal bandwidth (FWHM bandwidth of input Gaussian pulse) that can be processed with a uniform LPG operated as a first-order differentiator (solid-box curve) to keep the processing error lower than 1%, evaluated for different grating lengths (from [8] ).
terms in the phase curveVcaused by the delay and linear chromatic dispersion, respectivelyVhave been subtracted. The LPGs exhibited an extremely deep attenuation, breaking the 60-dB limit, confirming operation at almost exact full-coupling condition, as required by our application. In fact, we measured a nearly exact phase shift at the filter resonance wavelength. The Boperational[ bandwidths of the fabricated LPGs were approximately 19 nm (S1) and 5.5 nm (S3). Notice that the Boperational[ bandwidth is the LPG resonance bandwidth over which the fiber filter provides the desired linear-amplitude filtering function. This corresponds approximately to the bandwidth over which the LPG transmission (in intensity) is lower than 10%. Assuming input Gaussian pulses, these LPG samples could be used to process pulses as short as 700 fs (S3) and 180 fs (S1), where we considered the LPG operational bandwidth matched to the pulse bandwidth given at 10% of its peak power. The attainable processing bandwidth of a LPG-based optical differentiator is ultimately limited by the presence of a slight nonlinear dispersion slope of the core and cladding modes, which starts to deform the resonance linear shape when a large bandwidth is consideredVusing numerical simulations, we estimated that a differentiator made in a standard telecom fiber could operate up to 10-THz speeds (Gaussian pulses down to 60 fs); the corresponding LPG length is 1 cm. For higher speeds, a special fiber with engineered core/cladding mode dispersion or an apodized LPG would be needed.
The fabricated devices were successfully demonstrated for time differentiation of ultrafast optical signals, particularly subpicosecond optical pulses. Notice that in the demonstrations reported here, we used the optical differentiator based on the long LPG sample S3, because the bandwidth of this LPG was better matched to the bandwidth of the optical pulses generated by the available laser, ensuring a higher energetic efficiency in the differentiation process. For an input pulse source, we used a passively mode-locked wavelength-tunable fiber laser (Pritel Inc., USA), which generated nearly transform-limited Gaussian-like optical pulses with a FWHM time width of %700 fs at a repetition rate of 20 MHz. The pulses were centered at the LPG resonance wavelength of 1535 nm. Because the LPGs are slightly birefringent, the light from the laser was passed through a fiber polarization controller and then directly launched into LPG for time differentiation. We employed a fiber-based Spectral Interferometry (SI) technique [70] to fully characterize the amplitude and phase of the differentiated optical pulses (i.e., pulse waveforms at the LPG output). The specific details of the used measurement setup can be found in [71] . Briefly, an imbalanced Mach-Zehnder interferometer was formed by two fiber couplers; the fiber differentiator was put into one of its arms together with two polarization controllers for polarization control of the light incident to the component and of the interferometer. The spectral pattern resulting from interference between the input (reference) optical pulse and the waveform at the differentiator output was captured at the interferometer output using an optical spectrum analyzer (OSA); this interference pattern was used for reconstruction of the amplitude and phase time profiles of the waveform generated at the differentiator output. For this purpose, the well-known Fourier Transform SI algorithm was applied [70] . Fig. 5 presents the results of one of these measurements together with the theoretical predictions (numerical derivative of an ideal 700-fs Gaussian pulse, whose temporal intensity profile is shown with a dotted curve). We observe an excellent agreement between the theory and the experiment and in particular, as expected for a Gaussian input pulse, an odd-symmetry Hermite-Gaussian (OS-HG) waveform, consisting of two consecutive pulses in antiphase, was generated at the differentiator output. Each peak (FWHM % 500 fs) of the generated temporal waveform was slightly narrower than the original Gaussian (FWHM % 700 fs), and our measurements clearly confirmed the predicted presence of an almost exact discrete phase shift between the two temporal lobes of the generated OS-HG waveform. Notice also that the peaks of the two lobes in the generated waveform are temporally separated by %900 fs and that they have slightly different amplitudes (5% in terms of relative intensities). This difference is caused by a slight deviation of the LPG spectral filtering characteristic from the ideal (linear) distribution.
High-Order Photonic Differentiators Based on FBGs
An Nth-order photonic differentiator is a device that provides the Nth time derivative of the time complex envelope of an input arbitrary optical waveform [7] . Our analysis here is focused on integer-order differentiators, i.e., when N ¼ 1; 2; 3; . . .; notice that fractional-order differentiators, in which N is extended to be any real positive number, have been also recently designed using FBGs [23] . Using the same notation as above, the temporal complex envelope, y e ðt Þ, of the optical signal at the output of an ideal Nth-order differentiator when a signal with a complex envelope x e ðt Þ is launched at its input is given by y e ðt Þ / @ N x e ðt Þ=@t N . Both input and output signals are spectrally centered at the same optical frequency ! 0 . Following a similar development to that detailed above for a first-order differentiator, it can be easily proved that an Nth-order photonic differentiator can be implemented using a linear optical filter providing a spectral transfer functionĤ N ð! opt Þ / jð! opt À ! 0 Þ N . Thus, considering that optical differentiation is a purely linear, time-invariant process, an Nth-order optical differentiator could be implemented by connecting in series N first-order optical differentiators [7] , [13] . This can for instance be achieved by simply concatenating N uniform LPGs, each one operating in full-coupling conditions, along the same optical fiber [15] . In practice, some additional technique need to be used in between the gratings in order to remove, or significantly attenuate, the energy coupled into the cladding mode by the LPGs (e.g., by deposition of a highrefractive-index layer).
Obviously, the use of concatenated first-order differentiators translates into several important drawbacks, including an increased implementation complexity and a decrease of the device's energetic efficiency for higher differentiation orders. Several fiber-grating solutions have been investigated to create an ultrafast arbitrary-order differentiator using a minimum number of concatenated devices (even a single all-fiber device, if possible) [16] - [18] . An interesting solution is based on the use of multiple phase-shifted LPGs [17] ; in particular, it has been theoretically shown that an LPG consisting of N grating segments, each of them formed by a uniform LPG, with -phase shifts between them, can be designed to perform the Nth-order differentiation by properly fixing the relative lengths of the different grating sections as well as the LPG coupling strength. As expected for LPG filters, this solution can offer operational bandwidths well in the terahertz range (multiple-phase-shifted FBGs operated in reflection have been also suggested for high-order differentiation [14] but they are severely limited to operation bandwidths that are typically G 20 GHz). The main challenge in applying the phase-shifted method to the LPG-based high-order differentiators is in the extremely high precision with which the LPG inscription has to be controlled to achieve the desired functionality, e.g., to achieve the required resonance attenuation 9 50 dB. Second-order differentiators based on this method have been experimentally demonstrated [27] , but it has proved challenging to fabricate phase-shifted LPGs for higher order differentiation operations. 
Operation principle and FBG design
An alternative approach based on the use of especially apodized LC-FBGs operated in transmission [25] , is described here in more detail. Considering the spectral transfer function of an Nthorder photonic differentiatorĤ N ð! opt Þ / jð! opt À ! 0 Þ N , one can easily infer that for even-order differentiator (i.e., for N ¼ 2; 4; 6; . . .), the filter should modify only the spectral amplitude of the input optical signal, i.e., a customized amplitude-only optical filtering operation,Ĥ N ð! opt Þ / j! opt À ! 0 j N , should be implemented. A broadband amplitude-only optical linear filter providing a fully customized amplitude transfer function can be realized using a single especially apodized LC-FBG operated in transmission [72] . In the case of an odd-order differentiator, besides a customized amplitude spectral response, the filter should also introduce an exact phase shift at the signal's carrier frequency, ! 0 . Notice that at this specific frequency, which will referred to as the device's resonance frequency, the filter response should always approach to zero, regardless of the differentiation order. As discussed above for the case of first-order differentiators, the use of a concatenated reflection phase-shifted FBG was first proposed as a potential solution to achieve the required phase shift at the resonance frequency [16] ; however, this solution would limit the operational bandwidth of the differentiator device as practical phase-shifted FBGs are typically limited to full reflection bandwidths that are G 100 GHz. A simpler and more efficient solution for implementing an arbitrary odd-order photonic differentiator (i.e., for N ¼ 3; 5; . . .) is based on the fact that in this case, the required filtering function can be implemented as a concatenation of a first-order differentiator and the immediately lower even-order differentiator, i.e., mathematicallyĤ
NÀ1 . The first-order device can be implemented using a uniform LPG (intrinsic transmission device), whereas the latter can be practically realized using a single especially apodized LC-FBG operated in transmission implementing the amplitude-only spectral transfer function defined byĤ NÀ1 ð! opt Þ / j! opt À ! 0 j NÀ1 . This scheme allows one to realize any desired differentiation order using a maximum of two concatenated fiber-grating devices, both operating in transmission.
A broadband optical filter with a tailored amplitude spectral response can be realized using an especially apodized LC-FBG operated in transmission [72] . The design relationships in such an optical filter are illustrated in Fig. 6 . Consider and apodized LC-FBG with a constant effective refractive index, n av , a normalized grating apodization profile AðzÞ (variation of the refractive-index modulation as a function of the distance along the fiber axis z), a grating period chirp C K ¼ ÁK=Áz, where ÁK is the angular spatial frequency variation over a fiber distance Áz, and a total fibergrating length L. The linear spatial-frequency variation of the grating along the fiber length induces a linear group delay in the FBG's reflection spectral response. If the grating-induced dispersion (slope of the reflection group delay) is sufficiently large, then it is fair to assume that a single frequency is reflected at each single location along the grating length, as determined by the corresponding Bragg condition; under this assumption, the amplitude of the spectral response at each frequency within the FBG reflection bandwidth depends only on the grating coupling strength at the corresponding location, as determined by the apodization profile AðzÞ. As a result, the magnitude of the FBG transmission spectral response,Ĥ tx ð! opt Þ, is tailored following the grating apodization profile according to the following equation [72] :
where m is an arbitrary constant, and ! 0 ¼ c=ðn av Ã 0 Þ is the Bragg frequency at z ¼ 0, which is fixed by the central grating period Ã 0 ¼ Ãðz ¼ 0Þ. In our designs of optical differentiators, the LC-FBG needs to be properly apodized so that to obtain the amplitude filtering function corresponding to the desired differentiation order, i.e., jĤ tx ð! opt Þj / j! opt À ! 0 j N for even N and jĤ tx ð! opt Þj / j! opt À ! 0 j NÀ1 for odd N. In addition, the grating's central Bragg frequency should be designed to coincide with the signal's carrier frequency, i.e., ! 0 . Notice that the LC-FBG reflection bandwidth, Á! R , which determines the differentiator operational bandwidth (maximum processing speed), essentially depends on the grating chirp and length, i.e., Á! R % cC K L=ð2n av Þ. Processing bandwidths at least in the subterahertz range can be achieved with practical LC-FBG devices [16] .
The design equation (3) is strictly valid for low-to moderate-reflection FBGs [72] . However, in our devices, a reflectivity approaching 100% should be targeted at the resonance frequency (central Bragg frequency ! 0 ), where the grating transmission should be zero. Thus, whereas Eq. (3) allows us to obtain an accurate estimate of the grating apodization profile at points relatively far from the grating center ðz ¼ 0Þ, i.e., corresponding to the spectral regions sufficiently far from the resonance frequency, this equation cannot be used to design the grating apodization profile around z ¼ 0, i.e., in the region corresponding to the close vicinity of the resonance frequency. In fact, the apodization profile resulting from Eq. (3) to approach a zero transmission should ideally tend to infinity at the center of the grating, which is a requirement that is physically impossible. Different methods can be employed to design the grating apodization profile around z ¼ 0 so that to better approach the target spectral response in the vicinity of the resonance frequency; these include simple trial and error procedures, or the use of more systematic FBG synthesis tools (e.g., layer-peeling algorithms [58] ). In any case, the grating transmission response obtained in a practical device will typically deviate from the ideal one in the spectral region around the resonance frequency; this translates into an increased processing error for longer input optical waveforms (a longer signal duration corresponds with a narrower frequency resolution) [16] . Hence, the transmission FBG approach for photonic differentiation is practically limited not only in terms of processing bandwidth (as for any practical filtering method) but also concerning the maximum time duration of the input optical waveform that can be processed with a prescribed accuracy. LC-FBGs performing even-order operations were designed following the above strategy and were fabricated by the group of LaRochelle at the Université Laval, Quebec (Canada). Two examples of fiber-grating filters designed to perform second-order and fourth-order differentiation [25] are revisited here. The gratings were written in a CorActive UVS-INT fiber with a 244-nm frequency-doubled argon ion laser using the phase mask scanning method [56] . The chirp of the used phase mask was 0.5 nm/cm and the total length of each grating was 10 cm. The designed grating apodization profiles for the two target differentiation filters are shown in Fig. 7(a) ; the shown profiles are normalized with respect to the refractive index modulation peak ð$ 6 Â 10 À4 Þ of the fourth-order device. The transmission spectral characteristics of the samples were measured using a commercial Optical Vector Analyzer (Luna Technologies), and they are shown in Fig. 7(b) and (c) , together with the targeted spectral responses. An excellent agreement between the measured FBG responses and the spectral transfer functions of the corresponding ideal differentiator devices was achieved. The devices were successfully demonstrated for differentiation of picosecond optical pulses. For pulse characterization, we employed an SI setup similar to the one described above for the temporal testing experiments of the first-order differentiator [71] . The ultrashort Gaussian-like input pulses used in the different tests were generated from a passively mode-locked fiber laser (Pritel Inc.) at a repetition rate of $16.7 MHz. The pulses were spectrally centered at the central Bragg wavelength of the FBGs (minimum transmission wavelength), $1557.2 nm. The input pulse bandwidths were in the range from $125 GHz to $200 GHz (FWHM in intensity), depending on the specific measurement. Fig. 8 shows the experimentally recovered intensity and phase temporal profiles of the pulses obtained at the output of the tested differentiators, from second to fourth order. Notice that the second-and fourth-order differentiations were achieved by direct propagation of the input pulses through the corresponding LC-FBG device (i.e., devices with the spectral transmission responses in Fig. 7 ). For third-order differentiation, the second-order LC-FBG was concatenated with a first-order differentiator based on a full-coupling uniform LPG [25] ; the used LPG was similar to the ones reported in Section 2.1.2 above but with a slightly narrower operational bandwidth, matching that of the FBG-based even-order differentiators. For all the temporal response tests, we observed an excellent agreement between the experimentally recovered time profiles and the ideal ones calculated through numerical differentiation (with the corresponding order) of the input ultrashort pulse waveform, which was in turn obtained by Fourier transformation of the measured input pulse spectral amplitude. The expected phase shifts between the different time lobes in the output intensity profiles, corresponding to the predicted sign change in the numerical derivatives of the input pulse, were also accurately recovered. The energetic efficiency (defined as the output-to-input pulse energy ratio) for the pulse differentiation operations shown in Fig. 8 was estimated to be 1.4% (second order), 0.03% (third order), and 0.2% (fourth order). The energetic efficiency of the odd-order differentiator, which is based on the concatenation of two grating passive devices, is significantly lower than that of the single-device even-order differentiators. Notice also that the efficiency of the even-order devices typically decreases as the differentiation order is increased.
Brief Discussion on Applications of Ultrafast Photonic Differentiators
In analogy with their electronic counterparts [4] , [5] , photonic time differentiators are fundamental signal processing elements with a very wide range of potential applications. They are indeed considered as Bbasic building blocks[ for constructing complex, multifunctional analog optical computing and information processing circuits devoted to a broad variety of applications [4] . The possibility of creating these circuits using photonic technologies translates into potential processing speeds orders of magnitude higher than those achievable with conventional electronic technologies. As discussed in the introduction, a relevant example of application of photonic differentiators is their use in ultrafast analog computing systems aimed at solving differential equations in real time at speeds well beyond the reach of present digital or analog computing platforms. Photonic differentiators are also of interest for ultrashort optical pulse shaping and ultrahigh-speed coding [7] , [9] , [10] , [13] , [60] - [62] , ultrafast sensing and control [7] , and for optical temporal waveform and device measurements [63] - [65] . A few of these applications are briefly discussed in what follows.
The fiber-grating differentiators discussed above were used for re-shaping sub-picosecond Gaussian-like optical pulses, as directly generated from a mode-locked laser, into their successive time derivatives, i.e., so-called temporal Hermite-Gaussian (HG) waveforms; see the results in Figs. 5 and 8 [9] , [25] . Generating such odd-symmetry pulse waveforms in a relatively simple and efficient way poses challenges, since precise local changes in phase (exactly ) along the waveform duration are required. Subpicosecond HG waveforms were generated for the first time in optical fibers using the simple and efficient scheme described here, i.e., using propagation of the original Gaussian-like optical pulses through fiber-grating-based photonic differentiators. In particular, first-order (odd-symmetry) HG, OS-HG, pulse waveforms were generated by first-order differentiation of subpicosecond Gaussian optical pulses, see results in Fig. 5 [9] . This specific waveform is of interest for next-generation optical communications. The OS-HG waveform is a good approximation of the second-order dispersion-managed (DM) temporal soliton, also called a Fig. 8 . Measured intensity (solid curves) and phase (dotted curves) temporal responses to a picosecond Gaussian-like input pulse of the demonstrated all-fiber second-, third-, and fourth-order photonic differentiators. For comparison, the numerically calculated successive time derivatives of the input optical pulse (presented in the inset using the same temporal scale) are also shown (dashed curves). (From [25] ). soliton molecule[ [73] , [74] . A soliton molecule is the second solution of the nonlinear Schrö dinger equation (the first solution is well approximated by a Gaussian waveform), which describes the pulse propagation in an optical fiber with periodically varying (positive and negative) dispersion. Since the first-and second-order DM solitons are temporally orthogonal and generally carry a different amount of energy, it has been suggested that the OS-HG waveform could be used as a new communication symbol in DM links, potentially leading to a considerable increase of the information capacity limit in fiber-optic communications systems [74] .
Other potential applications for optical differentiators are related with the fact that the HG functions (including the original Gaussian pulse) constitute a complete set of orthogonal wave functions which can then be suitably combined to synthesize any desired temporal waveform [62] ; said another way, any desired temporal pulse shape can be synthesized by properly combining the different successive time derivatives of a given input Gaussian-like optical pulse (including this pulse itself), generated using the simple optical differentiation devices discussed here, with specific relative weights. We have recently applied this general concept for reshaping Gaussian-like optical pulses into picosecond and subpicosecond flat-top (square-like) temporal intensity waveforms by simple propagation of the original pulses through an LPG-based first-order optical differentiator [61] ; in this scheme, the pulse central frequency is properly detuned from the resonance frequency of the differentiator (zero-transmission frequency), which effectively results in the generation of a combination of the original pulse and its first time derivative, with relative weights determined by the pulse-LPG resonance frequency detuning. By properly fixing this frequency detuning, flat-top optical waveforms can be accurately synthesized at the LPG output. This simple strategy recently enabled the generation of the shortest flat-top waveforms ever synthesized using an all-fiber device, down to the subpicosecond range [61] , i.e., around one order of magnitude shorter than with previous FBG-based pulse shapers [75] . It should be noted that flat-top temporal intensity profiles are highly desired for a range of nonlinear optical switching and frequency conversion applications [76] , [77] ; the ultrashort flat-top pulses generated from LPG integrators have been successfully employed to significantly improve the timing-jitter tolerance and general bit-error-rate performance of optical switching platforms in fiber-optic telecommunication links, i.e., optical time-division demultiplexing systems, operating at bit rates as high as 640 GHz [78] .
Photonic temporal differentiators have also proved useful for full (amplitude and phase) characterization of optical waveforms [63] . Phase recovery methods from temporal intensity measurements have been developed by exploiting the fact that a photonic differentiator operates on the complex time profile of the input signal, including both its amplitude (intensity) and phase profiles. As a result, the time intensity waveform at the differentiator output depends on both the intensity and the phase temporal profiles of the input pulse. It has been demonstrated that the phase profile (both continuous and discrete-time phase variations) of a given optical waveform can be recovered from measurements of the temporal intensity profiles of the signal under test before and after propagation through a first-order photonic differentiator, e.g., uniform LPG [63] . This simple technique has proved particularly useful for accurate characterization of the group delay and phase spectral responses of dispersive devices, e.g., LC-FBGs, using a conventional time-domain intensity measurement setup [65] . By use of a previously characterized fiber dispersive device combined with an ultrafast first-order photonic differentiator, accurate measurements of pulse waveforms with durations ranging from a few picoseconds to tens of nanoseconds and submilliwatt average powers have been experimentally achieved [64] .
Ultrafast Photonic Temporal Integrators

First-Order Photonic Integrators Based on Uniform FBGs
Operation principle
A first-order photonic temporal integrator is a device that Bcalculates[ the first time cumulative integral of the complex envelope of an incoming arbitrary optical waveform (see Fig. 9 ), mathematically y e ðt Þ / Int fx e ðt Þg ¼ R x e ðt Þdt ¼ R t À1 x e ðt 0 Þdt 0 , where Int is the integral operator, and x e ðt Þ and y e ðt Þ are the complex temporal envelopes of the input and output optical signals, both spectrally centered at the same optical frequency, ! 0 (carrier frequency).
It can be easily demonstrated that the above cumulative integral can be mathematically expressed as follows:
where the second integral has been obtained by introducing a simple variable change, t 0 ¼ ðt À Þ, and uðtÞ is the so-called unit step function
The last integral in Eq. (4) represents a convolution between the input time envelope x e ðt Þ and the unit step function uðt Þ [4] . This implies that the desired time integral can be obtained by simply processing the input signal with a linear time-invariant optical system (i.e., optical filter) providing a temporal impulse response (filter's response to a temporal impulse ðt Þ launched at the reference time t ¼ 0) with an envelope proportional to the unit step function, uðt Þ, and spectrally centered at the signal's carrier frequency ! 0 . Notice that the unit step function ideally extends to infinity and consequently, a filter having a temporal impulse response proportional to this ideal infinite-duration function should necessarily require the use of a gain mechanism (i.e., an active device); this would indeed translate into some important drawbacks such as a high noise level (originating from spontaneous emission from the employed gain medium), high energy consumption, and additional technical challenges for fabrication and operation of the device. Fortunately, it is known from electronics that the ideal impulse response of a temporal integrator can be Bemulated[ within certain limits using passive filtering architectures [6] , thus avoiding the use of active filtering devices. The solution described here for first-order photonic integration [36] is based on the use of a passive linear optical filter providing a temporal impulse response that emulates the ideal one (unit step function) over a finite time duration, T h ; said another way, the idea is to use a passive optical filter with a square temporal impulse response envelope; mathematically h e;1 ðt Þ / 1; 0 t T h 0; otherwise.
It can be easily anticipated that a filter with such an impulse response should be able to Bcalculate[ the time integral of an arbitrary input signal over a time duration equal to the impulse response time-width T h ; this is usually referred to as the operational time window of the passive Fig. 9 . Operation of an ideal photonic integrator on an input arbitrary optical signal.
integrator. To be more concrete, the square time waveform in Eq. (5) can be expressed as a function of the temporal impulse response of an ideal integrator (unit step) as follows:
Thus, the signal obtained at the output of this filter when a waveform x e ðt Þ is launched at its input is given by the following:
Hence, as anticipated, a passive optical filter with a square-like temporal impulse response of duration T h , such as that defined by Eq. (5), produces a temporal waveform at its output that follows the profile of the integral of the input waveform over a finite time window of duration T h ; a second delayed integral pattern is subtracted to the main one after the operational time window, leading to a distortion of the desired integral profile. Thus, the signal integral will be accurately recovered over a limited time window which can be designed to exceed the duration of the input signal waveform. If necessary, an additional temporal modulation mechanism may be used to extract the valid integrated signal (extending over an interval of duration T h ) from the full temporal pattern. Possible practical implementations include electro-optic pulse pickers or nonlinear optical switchers. Relevant examples of signal processing operations based on the use of a finite-time photonic integrator with a square-like impulse response are illustrated in Fig. 10 . Concerning the double-pulse waveforms [see Fig. 10(c)] , the integrator will simply sum up the area under the two pulses in time when the two pulses are in phase, resulting in two consecutive steps, respectively, corresponding to the integration of the leading pulse and the subsequently added integration of the trailing pulse. In contrast, when the two input consecutive pulses are out of phase, the second optical pulse will compensate for the cumulative time integral of the first pulse, leading to a square-like (flat-top) output time profile with a duration fixed by the input interpulse delay. A filter with a square-like temporal impulse response such as that defined in Eq. (5) will have a spectral transfer function determined by the Fourier transform of this impulse response, namely, the well-known sync function [4 
where ! ¼ ! opt À ! 0 . We recall that for accurate processing, the input signal should be spectrally centered at the filter's central frequency, ! 0 . The spectral transfer function in Eq. (8) should be contrasted with that of an ideal photonic integrator [4] ,Ĥ 1;ideal ð! opt Þ / 1=ð! opt À ! 0 Þ. As expected, while the spectral response of a finite-time integrator can be implemented using a passive filtering device (the transfer function in Eq. (8) should be simply normalized to a maximum of 1), the same is not true for an ideal, infinite-time, integrator: The spectral response of an ideal integrator is necessarily higher than 1 in the vicinity of ! 0 , ideally diverging to infinity at ! 0 (i.e., the ideal filter should have a pole at its central frequency). This ideal functionality can be fully approached only by use of an active filtering mechanism. One can easily prove that the spectral transfer function in Eq. (8) can be also inferred from the expression of the corresponding impulse response in Eq. (6) as a function of the responses of two time-delayed ideal integrators. Thus, the combination of these two time-delayed ideal integration operations (each with an associated frequency response having a central pole) translates into a purely passive frequency response (with no poles).
A very interesting finding is that the square-like temporal impulse response of a time-limited integrator is intrinsically provided by a weak-coupling (low reflectivity) uniform FBG operated in reflection [72] , [79] . An FBG operates in the weak-coupling regime when L ( , where is the grating coupling coefficient per unit length, and L is the total FBG length; in practice, this condition typically implies that the peak reflectivity of the FBG keeps lower than $10%. It is very well known that the reflection temporal impulse response of a weak-coupling uniform FBG is approximately constant (square-like) over a finite time duration fixed by the round-trip propagation time along the grating length, i.e., T h % 2n av L=c [79] . This is so because an ultrashort time impulse propagating through a FBG is reflected at each local position as it propagates through the grating, generating a reflected signal at the corresponding round-trip time. In the case of a weak-coupling grating, only a small fraction of the input pulse energy is reflected at each position in such a way that (considering a FBG with a uniform coupling strength along its length) the amount of reflected energy is nearly identical at any reflection location along the grating length; the input impulse propagates all the way to the end of the FBG and keeps interacting with it, continually generating a reflected signal with a nearly constant reflection magnitude. Currently, high-quality uniform FBGs with lengths above 10 cm, corresponding to round-trip propagation times (operational integration times) above 1 ns, can be routinely fabricated. The device's processing speed will be limited by the frequency bandwidth over which the filter can resemble the ideal sync spectral transfer function in Eq. (8) . In a practical FBG, this is limited by the finite spatial resolution of the photo-inscribed fiber-grating profile: An improved grating spatial resolution translates into a uniform refractive-index profile with steeper edges and an associated larger operational bandwidth. Grating bandwidths approaching the terahertz range are feasible (corresponding to spatial resolutions G 100 m) [56] . However, in practice, the maximum signal bandwidth that can be processed will be ultimately limited by energetic considerations [39] . For a given FBG integrator, the broader the input signal bandwidth the poorer the energetic efficiency of the integration process will be (a larger portion of the input pulse energy will be filtered out). In this respect, the uniform FBG solution [36] still represents a relatively efficient design, particularly as compared with alternative FBG passive integrator designs [38] for which the input signal bandwidth must necessarily be much broader than the grating reflection bandwidth.
Experimental results
A weak-coupling 5-mm-long uniform FBG sample, which was fabricated by the group of Yao at the University of Ottawa (Canada), was used for our experimental demonstrations [39] . The grating physical length corresponds to an integration time window of $50 ps. The FBG was written using a frequency-doubled argon-ion laser operating at 224 nm with a uniform phase mask having a period of 1071 nm. Operation in the weak-coupling regime was ensured by keeping the FBG peak reflectivity lower than 10%, which was achieved by control of the UV exposure time during the fabrication process [56] . For operation as a photonic integrator, the FBG needs to be operated in reflection, which requires the use of an additional device, e.g., optical circulator, to retrieve the reflected signal. In our experimental demonstrations, a passively mode-locked tunable fiber laser (Pritel Inc.) was used as the input pulse source, which generated nearly transform-limited Gaussian-like optical pulses, each with a FWHM time duration of $6 ps, at a repetition rate of 16.7 MHz. Notice that the FBG was mounted on a fiber holder and a weak axial strain was applied to the FBG with the aim of adjusting the resonance wavelength to coincide with the carrier wavelength of the input optical signal in each experiment.
The Gaussian-like pulse directly generated from the fiber laser was reshaped into various different waveforms using an optical pulse shaper based on a single two-arm (Michelson) bulk-optic interferometer [13] , [80] . These properly reshaped waveforms were used as the input optical signals in the tested FBG integrator. For generating an OS-HG waveform from the input Gaussian-like optical pulse, a temporal differentiation process was implemented [13] ; for this purpose, the interarm relative delay in the Michelson interferometer was fixed to achieve a destructive spectral interference at the center wavelength of the input Gaussian-like pulse. In this case, the spectral transfer function of the interferometer approximates the spectral response of an ideal differentiator over a bandwidth of about 30% of the spectral period between destructive interferences (i.e., 30% of the interferometer's FSR) [13] ; thus, the relative delay in the interferometer was adjusted to ensure that the resulting differentiation band coincided with the full spectral bandwidth of the input pulse. Concerning the double-pulse generation, the interferometer's FSR was adjusted to be narrower than the input pulse spectral bandwidth so that the pulse replicas in time were separated. (We are reminded that the interferometer's FSR is inversely proportional to the relative time delay between the interferometer arms). In-phase pulse replicas were achieved by tuning the interferometer's constructive interference to be centered at the pulse carrier wavelength, whereas out-of-phase replicas were obtained by tuning the interferometer's destructive interference to be centered at the pulse carrier wavelength.
For full (amplitude and phase) time-domain characterization of the ultrafast pulse waveforms, we used an SI setup similar to that employed for the time-domain testing experiments of optical differentiators [71] . Fig. 11(a)-(d) show the measured temporal complex envelopes of the input and output optical signals in some of the performed experiments. The results in Fig. 11(a) are for the integration experiment of an OS-HG pulse. This pulse was obtained by first-order time differentiation of the input Gaussian-like pulse (laser pulse) using the Michelson interferometer [13] . The generated OS-HG waveform, as in Fig. 11(a) -i, consisted of two -phase shifted consecutive temporal lobes, each with an individual FWHM time width of $7.5 ps, temporally separated by $21.8 ps. As expected, the reflected waveform from the FBG, as in Fig. 11(a) -o, over the integration time window (marked with a gray box), was a nearly transform-limited (constantphase) Gaussian-like pulse, almost identical to the original laser pulse, in good agreement with the theoretical predictions in Fig. 10(b) . The experimentally measured temporal pulse profile agrees very well with the numerical time integral (shown with red hollow circles) of the measured input OS-HG pulse waveform.
The results shown in Fig. 11(b) and (c) correspond to integration of two odd-symmetry doublepulse waveforms, each consisting of two phase-shifted replicas of the 6-ps (FWHM) input laser pulse, with different time separations (28.3 ps and 35.9 ps). The reconstructed temporal waveforms at the FBG integrator output are shown in Fig. 11(b) -o and Fig. 11(c) -o, respectively, showing again an excellent agreement both with the numerical integrations of the corresponding measured input pulse waveforms (over the indicated integration time window) and with the theoretical predictions in Fig. 10(c) . As expected, flat-top optical pulses were generated over the integration time window, each with a different FWHM time duration, as fixed by the time separation between the input oddsymmetry twin pulses. Finally, we also tested the integration of a symmetric double-pulse structure, consisting of two in-phase replicas of the 6-ps input laser pulse temporally separated by $30.5 ps, as shown in Fig. 11(d) . The obtained temporal pulse profile is in excellent agreement both with the finite-time numerical integration of the measured input waveform and with the theoretically predicted temporal profile in Fig. 10(c) . The reported results clearly confirm that the developed FBG-based integrator operates on the complex envelope (amplitude and phase) of the incoming optical waveforms.
The energetic efficiencies of the reported integration examples, i.e., integrations of an OS-HG, an odd-symmetry double pulse and a symmetric double pulse, (defined by the ratio of the output time-average power to the input time-average power) were measured to be 0.3%, 0.4%, and 1.1%, respectively. This low energy efficiency is due to the fact that the integration signal is reflected from a weak-coupling FBG. Moreover, as discussed above, the energetic efficiency of the integration process is degraded when processing an optical signal with a broader spectral bandwidth, which practically limits the maximum signal bandwidth that can be processed with a FBG of a given length.
Optimized Arbitrary-Order Photonic Integrators Based on FBGs
Operation principle and FBG design
An Nth-order photonic integrator ðN ¼ 1; 2; 3; . . .Þ is a device that provides the Nth time integral of the time complex envelope of an input arbitrary optical waveform. The output from an Nth-order photonic integrator when an optical signal of complex envelope x e ðt Þ is launched at its input has a temporal envelope given by
; . . . ;
Following a similar derivation to that detailed above for a first-order integrator, this general functionality can be implemented using a linear optical filter centered at ! 0 (carrier frequency of the input and output optical signals) and with a temporal impulse response envelope defined by the following expression:
where we recall that uðt Þ is the unit-step function. The ideal impulse response derived in Eq. (10) extends to infinity, thus requiring the use of a linear optical filter incorporating a gain mechanism. Similarly to the above detailed strategy for a first-order integrator, our proposed design approach is based on the use of a passive linear optical filter that emulates the ideal temporal impulse response in Eq. (10), i.e., with amplitude proportional to t NÀ1 , over a finite time window, namely, over the interval 0 t T h [37] 
where the function Q ððt À T h =2Þ=T h Þ is the square function of duration T h , centered at T h =2, i.e., this is a constant in the interval 0 t T h and zero elsewhere. This passive filter provides the Nth-order time integral of an arbitrary incoming optical waveform over a finite time window of duration T h , extending from the integral's starting time. Notice that the output signal is not necessarily zero outside the integration time window, even when the impulse response is forced to be zero outside this window. If necessary, an additional temporal modulation mechanism may be used to extract the valid integrated signal (extending over an interval of duration T h ) from the full temporal pattern.
The required temporal impulse response for a time-limited arbitrary-order optical integrator, as defined by Eq. (11), can be implemented using a simple weak-coupling uniform-period FBG with a proper grating apodization profile [37] . An FBG strictly operates in the weak-coupling regime when its peak reflectivity is lower than $10%. In this case, the reflection temporal impulse response envelope, hðt Þ, is approximately proportional to the grating apodization profile AðzÞ (variation of the refractive-index modulation) after the suitable space-to-time scaling [72] . Mathematically, AðzÞ / hðt ¼ 2n av z=cÞ, for 0 z L ð0 t 2n av L=cÞ, where we recall that n av is the average refractive index of the uniform-period FBG, c is the speed of light in a vacuum, and L is the total grating length. Thus, in order to achieve Nth-order integration over a time window of duration T h , the FBG should provide a temporal impulse response hðt Þ ¼ h e;N ðt Þ / t NÀ1 along the interval 0 t T h and as a result, the grating apodization profile should vary proportionally to the ðN À 1Þ power of the grating length, i.e., ÁnðzÞ / z NÀ1 over the fiber length 0 z z h , with z h ¼ cT h =2n av [37] . Notice that the solution discussed above for first-order integration can be simply interpreted as a particular case of this general design approach (for N ¼ 1).
As a main drawback, the resulting FBG filters from this general design approach are necessarily low reflectivity, which adversely affects the energetic efficiency of the integration process. This actually represents one of the fundamental drawbacks of weak-coupling FBG integrators, limiting, for instance, the maximum bandwidth (processing speed) of the input signals that can be accurately and efficiently processed. The filters' energetic efficiency can be significantly improved by designing high-reflectivity gratings providing the desired finite-time impulse responses, as defined by Eq. (11), e.g., using conventional FBG inverse scattering synthesis algorithms [58] . Whereas, in principle, one can anticipate that this may require the realization of more complex grating apodization and/or chirp profiles, it has been recently demonstrated [40] that if the grating is designed to be sufficiently long, then the needed apodization profile will be extremely simple, regardless of the integration order; specifically, a relatively smooth amplitude-only coupling-strength variation is required and no grating period chirping or discrete phase shifts need to be introduced in the FBG profile. The required grating apodization can be practically realized using an amplitude apodization mask or by properly controlling the UV exposure time along the fiber length [56] .
Numerical results
For all of the designs presented here [40] an integration time window of T h ¼ 100 ps is targeted. We first designed a FBG with an impulse response given by Eq. (11) with N ¼ 1 [i.e., impulse response in Eq. (5)], for first-order differentiation, and with a nearly 100% grating peak reflectivity. A layer-peeling synthesis algorithm [58] was used for this purpose. The application of the layerpeeling synthesis algorithm provided a solution for the required grating profile with no chirp (uniform-period) and with the amplitude-only apodization profile shown in Fig. 12(a) . Fig. 12(b) presents the reflectivityVsquare magnitude of the grating's reflection spectral response as a function of the frequency deviation around ! 0 ¼ 2 Â 193 THzVof the designed FBG, confirming that we achieved the desired high peak reflectivity. Notice also that the FBG reflection spectrum exhibits the expected sync shape, as defined in Eq. (8) . The amplitude of the FBG reflection temporal impulse response, calculated as the inverse Fourier transform of the FBG complex reflection spectral response, is shown in Fig. 12(c) (solid curve) . For comparison, the impulse response of an ideal first-order integrator, i.e., the unit-step function, is also shown in Fig. 12(c) (dotted curve). The device's temporal impulse response exhibited the targeted square-like shape over the finite time window of duration T h $ 100 ps.
To confirm the operation of the designed first-order FBG integrator, we simulated the temporal response of this grating to various input optical waveforms. In the example presented here, the input waveform was the numerically calculated second time derivative of a transform-limited Gaussian optical with a FWHM duration of 10 ps (centered at ! 0 ¼ 2 Â 193 THz). The normalized temporal complex envelope of this input signal is shown in Fig. 13(a) . Fig. 13(b) (black curve) shows the normalized temporal envelope of the waveform obtained after reflection from the designed first-order temporal integrator. For comparison, the output from an ideal first-order integrator (first time derivative of the defined Gaussian pulse) is also plotted with red circles in Fig. 13(b) . The simulated reflected waveform was almost indistinguishable from the corresponding ideal output waveform in the integration time window of T h ¼ 100 ps, which is indicated with a gray hatched box. Notice that for illustration purposes the time reference ðt ¼ 0Þ of the input and output signals has been fixed to coincide with the center of the relevant waveform. As discussed above, the output from a finite-time temporal integrator is not necessarily zero outside the integration time window. In this specific case, a Bmirrored[ version of the integrated waveform was obtained outside the integration time window.
The results corresponding to FBG designs for second-and third-order temporal integrations are shown in Figs. 14-16. We have used the temporal impulse responses given by Eq. (11) for N ¼ 2 and 3, with a maximum peak reflectivity approaching 100%, as the targeted grating reflection responses in the layer-peeling synthesis algorithm. The synthesized amplitude-only apodization grating profiles for the second-and third-order temporal integrators are shown in a finite window of duration T h $ 100 ps while achieving a peak reflectivity of nearly 100% from each of these gratings. The operation of the designed gratings as second-and third-order optical integrators was confirmed by simulating the temporal responses of these gratings to various input optical waveforms. In the example presented here, the input waveform was the same input as that used for the FBG first-order integrator, replotted in Fig. 16(a) . Fig. 16(b) and (c) (solid black curves) show the normalized and shifted-to-the-origin temporal envelopes of the waveforms obtained after reflection from the designed second-and third-order integrators, respectively. For comparison, the outputs from an ideal second-order integrator (the defined Gaussian pulse) and from an ideal thirdorder integrator (integral of the Gaussian pulse) are also plotted with red circles in Fig. 16(b) and (c), respectively. In both cases, the simulated reflected waveforms were almost indistinguishable from the corresponding ideal integrated waveforms over the predefined integration temporal window.
The passive FBG design described above for optimized arbitrary-order temporal integration of ultrafast optical waveforms has been experimentally demonstrated very recently [43] . Both first-and second-order ultrafast photonic integrators have been fabricated and tested, successfully proving Optical waveform reflected from the FBG-based second-order integrator (black, solid curve) and ideal second-order integration of the input pulse, i.e., a 10-ps Gaussian (red circles). (c) Optical waveform reflected from the FBG-based third-order integrator (black, solid curve) and ideal third-order integration of the input pulse, i.e., the integral of a 10-ps Gaussian (red circles) (from [40] ). their capability for accurately and efficiently processing arbitrary optical waveforms with picosecond time features over an operation time window of $60 ps. The demonstrated first-order passive temporal integrator offers an energetic-efficiency improvement of more than one order of magnitude, as compared with the weak-coupling uniform FBG-based device discussed in the previous section.
Brief Discussion on Applications of Ultrafast Photonic Integrators
Temporal integration is the signal processing counterpart of temporal differentiation. As discussed in Section 3.2, photonic differentiators have already been demonstrated for a wide range of applications in ultrafast optical pulse processing and shaping, photonic signal and device characterization, and optical control and sensing, among others. Applications in a similar range of fields can be anticipated for the photonic temporal integrator developed here. For instance, the proof-of-concept experiments presented above suggest various interesting specific applications for the realized photonic integrator, including reconfigurable flat-top pulse generation and phaseencoded pulse pattern recognition. The generation of ultrashort flat-top temporal intensity profiles is highly desired for a range of nonlinear optical switching and frequency conversion applications [76] - [78] . In these applications, the flat-top pulse time width needs to be optimized according to the features (e.g., bit rate) of the transmission link. None of the available all-fiber designs for flat-top pulse synthesis [61] , [75] allows for pulse time-width tuning. A very simple mechanism for reconfigurable flat-top pulse generation based on the integration property of a uniform FBG has been demonstrated above, see results in Fig. 11(b) and (c). In particular, a flat-top optical pulse can be generated by simple reflection of an odd-symmetry double-pulse waveform in a uniform FBG; the flat-top width can be easily reconfigured by simply tuning the time separation between the input twin pulses. Concerning the second mentioned application, in view of the behavior described in Fig. 10(c) and the corresponding experimental demonstrations in Fig. 11(b)-(d) , it is obvious that the integrator response (output intensity profile) to a sequence of consecutive input pulses depend on the discrete phase shifts among these pulses, thus suggesting a direct and simple mechanism for recovering the phase keys encrypted in a sequence of intensity bits.
A photonic integrator can be interpreted as the light-wave equivalent of an electronic capacitor [34] . As such, a photonic integrator is intrinsically an element capable of storing Bphotons[. Loadable and erasable optical memory units with ultrafast switching times have been proposed based on photonic temporal integrators [35] , [41] , [66] . A particularly simple idea for a 1-bit memory unit is based on exploiting the results of integration of antisymmetric double pulses [66] , see Fig. 10 (c): In particular, the integrator-based memory could be loadedVi.e., switched to the state B1[Vby launching an input Bset[ ultrashort pulse, and subsequently erased, or reset, to the state B0[ by a pulse -phase-shifted with respect to the Bset[ pulse. Memory switching times, fixed by the integrator processing speed, in the picosecond range together with memory life-times, determined by the integrator operational time window, in the nanosecond regime could be achieved using the simple FBG-based integrators described above.
Finally, we emphasize again the key use of photonic temporal integrators for implementing alloptical computing systems aimed at real-time solving of scientific and engineering problems that can be described by differential equations. In this context, it should be noted that whenever possible the use of integrators should be preferred to differentiators because the latter have a significantly worse performance in terms of high-frequency noise: A differentiator essentially amplifies the high-frequency noise that is present in the input signal to be processed while an integrator, which is essentially a low-pass filter, tends to reduce or eliminate this critical noise contribution.
Conclusion
In conclusion, this paper reviews recent work on the design, experimental implementation, testing, and applications of two fundamental analog signal processing elements, namely, time differentiators and integrators, implemented in the all-optical domain, with a particular emphasis on fiber-grating-based solutions. It has been shown that the simplest fiber-grating devices, namely a uniform LPG and a uniform FBG, can be designed to implement a first-order ultrafast all-optical differentiator and a first-order ultrafast all-optical integrator, respectively. These fundamental findings have established the basis to design photonic differentiators and integrators with improved features (e.g., enabling high-order operations or with improved performances) based on relatively more complicated LPG and FBG devices. Photonic differentiators and integrators offering processing speeds up to the terahertz range have been experimentally implemented and successfully tested.
These basic all-optical signal-processing devices have been also demonstrated for a wide range of applications, including (sub)picosecond pulse shaping for ultrafast coding and switching operations in fiber-optic telecommunications, measurement of ultrafast pulse waveforms, characterization of photonic devices and systems, and implementation of optical memory units. Other suggested applications for photonic differentiators and integrators include ultrafast analog computing systems aimed at solving differential equations and sensing and control units. For some of these applications, the implementation of photonic differentiators and integrators in monolithic platforms, fully compatible with future integrated photonic circuits, would be highly desired. Additionally, the fiber-grating concepts in which the all-optical processors discussed here rely upon could be potentially transferred to integrated-optic platforms.
